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Abstract. Starting from the Frank—-Oseen free energy, the elastic forces of a thin nematic
liquid-crystalline film between a cylinder and a planar substrate are calculated. The boundary
conditions are assumed to be homeotropic. The repulsive forces obtained are found to be too
small to be responsible for the elastic background frequently measured in surface forces apparatus
experiments. Results from grand-canonical-ensemble Monte Carlo simulations which do not
take into consideration a global deformation of the director field are sufficient for describing
the experimental data. Repulsive forces appear to be a consequence of reorientations within
intermediate strata between the fully developed molecular layers in the microscopic structure of
the liquid-crystalline film.

1. Introduction

The material properties of a molecularly thin fluid film confined between solid substrates are
substantially different from those of a bulk fluid. One instrument for measuring these properties
with very high accuracy is the surface forces apparatus (SFA) [1]. In the SFA a fluid film is
confined between two crossed cylinder substrates with equal macroscopik cddiie order

of 1-2 cm. This set-up isimmersed in a bulk reservoir of the same fluid as that constituting the
film. Thus, at thermodynamic equilibrium, temperat@irand chemical potential are equal

in the two subsystems (i.e., the film and bulk reservoir). The substrates are covered with mica,
so the surfaces are perfectly smooth even on a microscopic level. An additional silver backing
enables an interferometric measurement to be made of the substrate separation. By varying the
normal force applied to the substrates, one canin principle measure the excess normal force per
cylinder radiusF, (k) /R as a function of the minimum distankzédetween the substrates. If one

goes to substrate separations of a few molecule diameters, most of the materials investigated,
ranging from long-chain (e.g., hexadecane) or spheroidal (e.g., octamethylcyclotetrasiloxane
(OMCTS)) [2] hydrocarbons to liquid crystals [3-5], show damped oscillatory behaviour of
F,(h)/R. With the help of the Derjaguin approximation [6], the normal force for curved
substrates, (k) can be related to the normal-stress comporfent,) that a fluid film of
thickness, appliesto confining plane-parallel substrates. In grand-canonical-ensemble Monte
Carlo (GCEMC) simulations for confined simple fluid films between plane-parallel substrates,
the formation of molecular strata parallel with the substrate plane is found, which leads to a
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damped oscillating normal-stress cufive(s,) (see [7] and references therein). Similar results
are found by density functional theory approaches [8-10].

In SFA experiments with nematic liquid crystals, the oscillations of the normal forée
are frequently superimposed upon by a repulsive background force [4,5]. The origin of this
force is not clear. Due to the long-range orientational order in nematic liquid crystals, it is in
principle conceivable that this background force originates from the elastic distortions of the
liquid crystal’s orientation field in film regions where the assumption of local planarity of the
substrates is no longer justified. If a nematic liquid crystal is confined by curved substrates
that favour homeotropic alignment at the fluid—substrate interface, the mean orientation of
molecules becomes spatially inhomogeneous. In a continuum description of nematics (cf. [14])
thisisincorporated by means of aninhomogeneous macroscopic directarfg¢ldDeviations
from spatial homogeneity of the director field give rise to elastic forces. In [4], arough estimate
of the elastic forces has been given.

It is the aim of this paper to give a more precise account of this problem. In order to
do so, the elastic contribution to the force on the crossed cylinders of an SFA is estimated
by an analytical approach in which symmetry with respect to the mid-plane between the two
cylinders is assumed. Treating one half of this scenario, the problem reduces to a cylinder in
front of a plane, where on both the surface of the cylinder and the plane, homeotropic boundary
conditions for the alignment are prescribed. In section 2, first the equilibrium director field
for such a set-up is calculated, using the common one-constant approximation. The elastic
free energy is then integrated for a liquid crystal in an SFA set-up and we arrive at the force
by differentiating the expression obtained with respect to the film’s thickness. In section 3 the
results are discussed and related to a normal-force ¢yt obtained in GCEMC simulations
for nematic liquid crystals.

2. The elastic force in the SFA

2.1. Calculation of the director field

In the continuum description of liquid crystals a director fieldndicating the local mean
orientation of the molecules is adopted. The direatois a unit vector, and equilibrium
configurations are obtained by minimizing the Frank—Oseen elastic free energy [11,12], whose
density is given by

fro= %Kl(v -n)%+ %sz- (V x n))?+ %K3(n x (V x n))? @

where K1, K», and K3 are the elastic constants for splay, twist, and bend deformations,
respectively.

We want to calculate the director field of a liquid crystal between a plane and a cylinder
parallel to that plane. A system of orthogonal coordinétes, v) is chosen in the following
way. The axis ofthe cylinder pointsin thelirection;e, liesin the plane and, is perpendicular
tothe plane. The origin is located in the plane such that on the cylindex axi8; see figure 1.
For this geometry, one can assume the alignment to be homogeneous along the cylinder axis,
so the dependence af on ¢ can be omitted. It is furthermore assumed that the director is
constrained to the—v plane. In this case, only splay and bend deformations are relevant.
SinceK; ~ K3 =: K, one can apply the one-constant approximation, gngdreduces to

K
fro = E(Vn)z. 2
Sincen lies in theu—v plane, it can be expressed as
n = Sing e, — COSY e, 3)
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h+1

Figure 1. The system of coordinates for a cylinder parallel to a plane. All lengths are measured
in units of the cylinder radius. The distance from the plang,ithe axis is located at = 0,

v = h +1. The alignment in the—v plane is measured in terms of the angléhat the director
makes with—e,.

where¢ denotes the angle between the director and the negativés.

In this section all lengths will be expressed in units of the cylinder radiu® sol. If
the distance between the cylinder and plane is callede cylinder axis is found &0, i + 1),
and the boundary conditions take the form

0 u=0

¢ (u,v) =, u2+(v—(h+1))2= 1. 4)

arctan———
v—(h+1)

The equality is required only module since, due to the nematic symmetry, alignments that

differ by a multiple ofz are physically equivalent.
With theansatz(3), the free-energy density (2) becomes

K

- (Ve)*? (5)
and the equilibrium director field is obtained by solving the corresponding Euler-Lagrange
equation

A¢ = 0. (6)
We tackle this problem with the help of complex analysis. First, we recall thatdfonformal
mappingg with

w = g(z) (7)

wherew = u +iv andz = x +iy, bothAu = 0 andAv = 0 hold. The image undey of
anx = constant coordinate line makes an anglevith the negativev-axis (cf. the present
choice (3) for the director). This angle is given by

d d
Y= arctan? / a4 (8)
du/ dv

and a straightforward calculation shows tiaatr = 0. Therefore, a conformal mapping that
maps the coordinate lines to the desired integral lines of the director field yields the solution
to (6) and (4). For the present case, we find [13]

Z
« = atan= 9
8« =atan; 9)
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wherea is a parameter that depends on the cylinder’s distance from the plane. The explicit
relation between thé:, v) and the(x, y) coordinates is given by

sinx +isinhy

utiv za005x+cosh

! o (10)

. u . v
+ = +
x+iy arctana2 7 mrctanhm.
With (8), this leads to
2uv

W = arctanm (11)

(cf. figure 2). It remains to expreasin terms ofx. In order to do this, we note that the lines
with x = constant ang = constant are circles in the-v plane with the equations

2

> a
siré x,

(u+acotx.)?+v? = (12)
and
2
u?+ (v —acothy,)? =

sint? y. (13)

respectively. According to the experimental set-uas to be such that, for a fixed, the
circle with radius 1 has mid-poir©, z + 1). From (13) we obtain

acothyg=h+1
2

iy = @
which leads to

Yo = arcsinhu (15)
and

a=~2h+h2 (16)

Figure 2. The image of théx, y) coordinate lines under the mapping- iv = atan((x +iy)/2).
The x = constant lines are the integral lines of the director field that satisfies the boundary
conditions (4). The appropriate value®fs given by (16).
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With the results (11) and (16), the equilibrium director field of a liquid crystal between a
plane and a cylinder parallel to it at a distarkcis determined by

2uv

2h + h2 4+ u2 — 2’ (17)

¢ = arctan

2.2. Integration of the elastic free energy

The elastic free energy of the liquid crystal is given by the integral over the density (5pwith
given by (17). Because of the symmetry with respect tovtagis, it is sufficient to consider

the regionu, v > 0, where the transformation (10) is one to one. The total free energy is then
expressed as

F:K// 004 ) 99y dy . (18)
o Jo d(x,y)

Hereyy is given by (15), and, will be specified later. The Jacobi determinant is determined
by making use of the Cauchy—Riemann equationg fave find
2

d(u, v) 2 _ a? o a
coOs“=| =————. 19
a(x, y) =@ ‘ 2’ (coshy + cosx)? (19)
Starting from (17) and employing (10), a straightforward calculation yields
4(u? +v?) cosif y — cos’-x
2 _
(V¢)" = (U2 +v2+a2)? — 4a2v2 a2 (20)
With this the free energy becomes
o coshy
F=K d dx. 21
/ / COShy+COSx Y (21)

In the SFA, typical distances between the cylinders are smaller thzhriQ and the
maximum thickness of the film is about 10m. With a cylinder radius of 1 m, this yields
h < 10°%, and the liquid crystal is confined to a region stretching from an angldo «,
wherea ~ 7/8; see figure 3. Hence it is safe to assume that both 1 anda <« « hold.
With ug = sina andvg = & + 1 — cosa, the integration limitxg is determined by (10):

asina asina
Xg = arctan——— ~ arctan————
(h+1)cosa —1 cose — 1
o o o
= arctar(—a cot5> =7 — arctar(a cot§> AT —a cotz. (22)

Uo

Figure 3. A cross section of the volume below the cylinder that is occupied by the liquid crystal.
The anglex determines the limit of integration in thevariable.
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Note that this implies that even a smaltorresponds to axy close tor.
In calculating the elastic energy (21), we only take the leading termd.i@., in particular
we use arcsinh ~ ¢ and coshy ~ 1. This leads to

m—acot(a/2) a1 _ cosx 7T—a cot(x/2) 2
F/K%/ /—dydx:af 2 1)
0 o l+cosx 0 1+ cosx

a o o o 2
= —_ —_ _— —_ — = —_ +
2a Cot(2 cot 2) a<rr a cot 2) 4tan2 am +O(a®). (23)

In order to obtain the elastic contribution to the force on the cylinder, this expression must
be differentiated with respect tq while the volume of the liquid crystal is kept constant. Thus
we first have to calculate the area of the intersection of the liquid crystal witi+helane:

X0 Yo 8(1/{, v) 2 Xo Yo )
A= 2/ dy dx = 2a (coshy + cosx)™“ dy dx. (24)
o Jo 9(x,y) o Jo

Using similar approximations to those for the energy, it is found that
8 o
A= _tar - +0(a? 25
3 a 5 O(a®) (25)

i.e., up to the first order in the area is constant. This can be understood by recalling that, due
to (16), a contribution proportional to the separattos quadratic ire. Thus the requirement
of a fixed volume is met by simply takingto be constant.

The elastic force on the cylinder per unit length is then obtained by differentiating the free
energy with respect th:

oF 0F da % h+1 T K
——— =7 R .
ah da oh V2h+h?  J2h

The total force on the SFA can be calculated by taking two times this expression for the two
cylinders on either side of the plane, multiplied by the breadth of the sample in units of the
radius. This result can be viewed at least as an upper bound for the elastic forces in the
experiment. The net effect will be weaker because we have neglected possible finite anchoring
energies and also because of the assumed symmetry with respect to the mid-plane.

In equation (26) the expression for the elastic force does not depend on the anblere
the only approximations used to obtain this resulvaye « anda « 1. Thusone is not limited
to the SFA but can also consider a cylinder that is completely embedded in an infinite liquid
crystal. Then, of course, the free energy diverges, while the force still has the form (26). For
very large distances apart, the force on the cylinder will converge to that on a line disclination.
Itis interesting to compare the two cases also for smalilhe solution for the line disclination
can be found in p 173ff of [14]. The director field is that given by (17), where the distance of
the disclination from the plane is The force on the disclination istX /a ~ 2 K //2h,
which is twice the value found for the force on the cylinder. This is the effect of excluding the
interior of the cylinder from the integration. Because the disclination gets arbitrarily close to
the cylinder’s boundary as — 0, one can interpret this as indicating that half of the relevant
deformation takes place inside the cylinder.

(26)

3. Molecular reorientation

For liquid crystals composed of small molecules, the elastic constant is rolghiyl0~11 N

(cf. tables 3.1 and 3.2 in [14]). The breadth of the sample is about one and the distance apart
of the two cylinders ranges fromh2= 10~" to 21 = 10~° in units of the cylinder radius. With

R = 1 cmit follows from equation (26) that the elastic force exerted by the film on one of the
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cylinders does not exced;/R ~ 2 x 107> N m~L. The magnitude of this force is larger
than that of the rough estimafg;/R = 1.3 x 10-' N m~! given in [4].

In order to estimate the total normal force per radius that a confined nematic liquid crystal
applies to the confining substrates, one has to add the forces due to the formation of strata
within the film. These forces can be extracted from GCEMC simulations as described in the
following.

3.1. GCEMC simulations of confined nematic films

In GCEMC simulations, liquid-crystalline films between two plane-parallel substrates are
investigated for different wall separations [15]. The film consists of ellipsoidal mol-
ecules which interact with each other via the modified Gay—Berne potential introduced in
reference [16]. The simulations are performed for a thermodynamic state for which a cor-
responding bulk liquid crystal is nematic. Therefore the films are henceforth called ‘nematic’
though they exhibit more structure than a typical bulk nematic. The interaction between
film molecules and wall atoms is chosen such that a homeotropic alignment of molecules
is favoured [16]. The ‘nematic’ film is assumed to be confined in fluérection by two
planar substrates parallel with they plane. Surface deformations and thermal effects on the
surface atoms are neglected. In the following, lengths are given in unitg ptvhich is the
small diameter of the liquid-crystal molecules, while energies are given in units ofvhich
corresponds to the energy depth of the Gay—Berne potential for two parallel molecules lying
side by side (see [17] for details). All other units can be expressed as combinations of the two.
In the grand canonical ensemble, infinitesimal, reversible transformations of thermo-
dynamic states are governed by the grand pote@ti&or a confined film, the exact differential
of Q is given by [18]

dQ=-SdTr — Ndu+y dA+T,_,Ads, (27)
where S denotes entropylV is the number of film moleculeg;’ is a film—wall interfacial
tension,A is the area of film—wall contact, arfd, is the average stress applied normallyito

By conventionT,, < O if the z-component of the force on the substrate points outward.
From equation (27) one obtains for a film composed of linear molecules [17]

AT — <BQ) . (8(—kT|n E))
“ as, TA as; TuA

1 & 1 1\ dZ
_ I I
TR (m> exp(ﬂuN)(as)T’M’A (FI3) = _ (Fl1)

=0

(28)

WhereFZ["] is thez-component of the total force exerted by (a particular configuration of) the
film on the upperk = 1) and lower § = 2) planar substrates, and angular brackets signify the
grand-canonical-ensemble average. The last equation in (28) is a consequence of the principle
of mechanical stability. If the separation between the substrates becomes sufficiently large,
one has

lim T..(s;) = — Pouk-
§;—> 00

From the results of the GCEMC simulations for nematic films between planar substrates,
one can estimate the solvation force applied by a nematic film on the curved substrates in the
SFA. The whole SFA set-up is immersed in a liquid-crystal bulk reservoir at preggre
Due to the curved shape of the substrates, the normal 3trdsscomes a local quantity, which
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varies with the vertical distance = s, (x, y) between the substrate surfaces. By means of the
Derjaguin approximation [6], the distance functigrfor two crossed cylinders is to the first
order equal to that of a sphere in front of a plane. Considering the latter geometry simplifies
the calculation. To obtain a relation betweEn and the experimentally accessible solvation
force F (h), one can divide the film region between the sphere and plane into small prisms for
which the substrate separation is fairly constant (see figure 4). Ignoring deformations of the
director field considered in section 2(h) can be expressed by integrating the excess normal
pressuref (s,) := —T,,(s,) — Pyuik for the respective prisms of height[19]:

h+R
P == [ [ atsteosn + P drdy =2r [ (R 50760 (29)
h
where the local separationis given by

s;=h+R—/R?—x2—y2

(seefigure 1). Sincé(s,) differs significantly from zero only far, < R, the upper integration
limit in equation (29) may be taken to infinity to give

F(hy [
e A (30)

%‘L‘erism
i
1

I
s:(p)
0

N

1(—)!

P

Figure 4. A side view of the film confined between a sphere of macroscopic raargd a planar
substrate surface. The solvation force can be obtained by integrating over the local excess pressure
f(s;) calculated in GCEMC simulations of the respective prism region.

The plots in figure 5 show that the excess pressure is a damped oscillatory function of
the wall separation. Over the rang®4& s, < 20.0, f(s,) exhibits five maxima separated
by a distance\s, ~ 3.2, which is slightly smaller than the large diameter of a film molecule
(~3.5).

The curve off (s;) also exhibits shoulders at characteristic values aeparated by the
same distancAs, ~ 3.2 as the maxima. Portions @f(s,) between neighbouring minima (i.e.,
s, < 6.80,680 < s, <10.00,1000< s, < 1320, and 120 < s, < 16.40) are remarkably
similar. In order to correlate the microscopic structure of the confined film with features of
f(s,), itis convenient to label these portionsdecreasgincrease andshoulderzones [15].
The shoulder zones are related to reorientations of film molecules. This is demonstrated in the
‘snapshots’ in figure 6 for the transition from two to three strata in the liquid-crystalline film.

Fors, = 7.5, the film is in a decrease zone and consists of two homeotropic layers (see
figure 6(a)). In the adjacent increase zone, substrate separations are too large to accommodate
two homeotropic layers conveniently, but too small for three fully developed homeotropic
layers (see figure 6(b)). In fact, two outer layers are found with homeotropically oriented
molecules contacting one of the substrates, while in the middle of the film there is enough space
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Figure 5. The excess pressuré(s;) (¢, dashed line) and the solvation force per radi&)/R
(full line) as functions ofs, and k, respectively, for a ‘nematic’ film between homeotropically
orienting substrates. Lengths are given in unitepf, f(s;) and F(h)/R are given in units of

e/ (0,)° andel, /(o},)?, respectively (see the text).

(b)

'.rl';..l\.e\\q |\

Figure 6. ‘Snapshots’ of configurations of ‘nematic’ Gay—Berne films with walls at various
separations. (&), = 7.5; (b)s, = 8.5; (c)s, = 9.75; (d)s, = 10.5.

for a few molecules to form a weak middle stratum. In contrast to the case for the two contact
strata, molecules in the middle stratum are oriented parallel with respect to the wall plane. As



8014 A M Sonnetand T Gruhn

the wall separation increases beyond- 8.8 (the shoulder zone), the orientation of the contact
strata remains unaltered, while molecules in the middle of the film change their orientation
from planar to homeotropic (see figure 6(c))s Ifhcreases further, a homeotropically oriented
three-layer structure eventually forms (see figure 6(d)). In a similar fashion variations in the
film’s microscopic structure can be correlated with variationg,0fn decrease, increase, and
shoulder zones for other valuessof{15].

3.2. Forces exerted on curved substrates

The simulation results for (s,) may now be used to calculate the solvation forog:)/R
applied by the film on the substrates in the SFA. The curvE@f/R in figure 5 is obtained
by numerically solving equation (30) (i.e., by numerically integratjt{g,)). The structure of
F(h)/R between two neighbouring minima is distinctly similar. Neverthel&gs) /R is not
as regular as a corresponding curve for a ‘simple’ fluid (see reference [19]) and is, furthermore,
not simply a shifted version of(s.). The curve ofF (k) /R is free of any shoulders. The height
and width of its maxima exceed the depth of its minima considerably. In other wo(ds/ R
oscillates around a repulsive background force. This repulsive background is not related to
the elastic forcef,; given in equation (26), which has not been considered for this curve.
Takinge}, = 1.2 x 10" J ando’}, = 0.5 nm, as used in [20] to fit the Gay—-Berne potential
to properties of 8CB, one finds th&t(k)/R is given in units ofe}f/(as )2 ~ 5mN nrl.
With this value, the amplitude of the oscillations and the repulsive backgrouAdf R in
figure 5 are in good agreement with experimental data (see figure 4(a) in reference [5]), as
far as ‘nematic’ films of 8CB between homeotropically anchoring walls are concerned. The
background forces measured in these SFA experiments rangeHy@&n= 1074 N m~ to
5x 1072 N m~L. The amplitudes of the oscillatory short-range forces are of the same order
of magnitude. One can conclude that the force contribution due to director field deformations,
being smaller tharF,;/R < 2 x 107> N m~, is not large enough to be responsible for the
measured repulsive background forces. In fact, it can be completely neglected in comparison
with the amplitude of" (k) /R in figure 5, which already describes very well the experimentally
measured normal-force curve.

SinceF (h)/R is proportional to the integral of (s,), the repulsive background &f(2) /R
is related to the fact that regions with positive valuesffar,) are predominant. Thisin turnis
related to the existence of the shoulder regiong (1) and is therefore finally a consequence
of the reorientation effects in intermediate strata. One may thus conclude that repulsive forces
observed in SFA measurements of thin nematic films do not stem from a global deformation of
the director field, but from deviations from the global orientation in intermediate strata, which
otherwise would not fit between the fully developed smectic-A-like layers of the film.

4. Conclusions

One conceivable source of the longer-ranging repulsive background force that is frequently
observed in SFA experiments with nematic liquid-crystalline films is the long-range orient-
ational order in nematics. In this article the elastic force of a nematic film between a cylinder
and a planar substrate was investigated in the limit of small separations. For this purpose, the
orientational order of the liquid-crystalline film was described by a continuum director field
n(r), whose deformations lead to an increase of the Frank—Oseen free energy. The equilibrium
director field for the given boundary conditions (homeotropic orientation at the cylinder and
plane substrate) was found by minimizing this energy. The elastic force was then obtained by
differentiating the free energy with respect to the minimum distance between the cylinders.
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In this way, an upper bound was found for the elastic force that a liquid crystal exerts on a
surface forces apparatus composed of two orthogonal cylinders: the elastic force turned out
not to exceed,;/R ~ 2 x 10-°> N m~L. This value is larger than that of the rough estimate

F,; = 1.3x10""Nm!givenin[4]. However, itis still too small to explain the experimentally
observed repulsive background in the rang&pR = 100*Nm1to5x 102N m~1[4,5],

around which the normal force oscillates.

More clues are found by considering short-range spatial and orientational order in regions
where the film thickness is of the order of a few molecule lengths. The microscopic order in
these film regions can be obtained from GCEMC simulations in which the film is considered
to be confined between two plane-parallel substrates. The GCEMC simulations allow one
to calculate the excess pressufe). With the help of the Derjaguin approximation one can
obtain the normal force per substrate curvature rafliiis /R by numerically integrating the
simulation data for the excess pressyie,). The normal-force curvé'(h)/R obtained does
not oscillate symmetrically around the zero axis, but appears to oscillate around a repulsive
background force just like the curves observed in the experiments. The amplitude of the
oscillation and the background force are comparable to the experimental data. In the GCEMC
simulations, long-range director deformations are not included. It can be concluded that,
instead of elastic forces, the microscopic structure of the nematic film is responsible for the
repulsive background observed in solvation force curves for liquid-crystalline films. Since
no repulsive background forces are found for simple fluids, they must be ascribed to the
orientation effects in the molecularly small film regions. The reorientation of film molecules
isreflected in shoulder regions of the excess pressuiewhichin turn resultin repulsive force
contributions toF (h)/R, which are large enough to explain the background force measured
in SFA experiments.
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